The works on decoherence due to spin baths usually agree in studying a one-spin system in interaction with a large spin bath. In this paper we generalize those models by analyzing a manyspin system and by studying decoherence or its suppression in function of the relation between the numbers of spins of the system and the bath. This model may help to identify clusters of particles unaffected by decoherence, which, as a consequence, can be used to store quantum information.
II. THE SPIN-BATH MODEL
The spin-bath model is a very simple model that has been exactly solved in previous papers (see [1] ). Here we will recall its main results, obtained from the general framework introduced in Ref. [15] , in order to compare the analogous results to be obtained in the next sections for the generalized model.
A. Presentation of the model
Let us consider a closed system U = P ∪ P 1 ∪ . . . ∪ P N = P ∪ (∪ N i=1 P i ), where (i) P is a spin-1/2 particle represented in the Hilbert space H P , and (ii) each P i is a spin-1/2 particle represented in its Hilbert space H i . The Hilbert space of the composite system U is, then,
In the particle P , the two eigenstates of the spin operator S P, − → v in direction − → v are |⇑ , |⇓ , such that S P, − → v |⇑ = 
where |a| 2 + |b| 2 = 1 and |α i | 2 + |β i | 2 = 1. If the self-Hamiltonians H P of P and H i of P i are taken to be zero, and there is no interaction among the P i , then the total Hamiltonian H of the composite system U is given by the interaction between the particle P and each particle P i (see [1] , [16] ):
where I j = |↑ j ↑ j | + |↓ j ↓ j | is the identity operator on the subspace H j . Under the action of H, the state |ψ 0 evolves into |ψ(t) = a |⇑ |E ⇑ (t) + b |⇓ |E ⇓ (t) where
The space O of the observables of the composite system U can be obtained as
where O P is the space of the observables of the particle P and O i is the space of the observables of the particle P i . Then, an observable O ∈ O = H ⊗ H can be expressed as
where O P = s ⇑⇑ |⇑ ⇑| + s ⇑⇓ |⇑ ⇓| + s ⇓⇑ |⇓ ⇑| + s ⇓⇓ |⇓ ⇓| ∈ O P (6)
Since the operators O P and O i are Hermitian, the diagonal components s ⇑⇑ , s ⇓⇓ , ǫ 
where (see [16] )
By contrast to the usual presentations, we will study two different decompositions of the whole closed system U into a relevant part and its environment.
B. The spin-bath model: Decomposition 1
In the typical presentations of the model, the open system S is the particle P , and the remaining particles P i play the role of the environment E: S = P and E = ∪ N i=1 P i . Then, the Hilbert space decomposition for this case is
Therefore, the relevant observables O R of the closed system U are those corresponding to the particle P , and they are obtained from eqs. (5), (6) and (7), by making ǫ
The expectation value of these observables in the state |ψ(t) is given by
where
and, then,
This means that, in eq. (8), Γ 0 (t) = 1 and Γ 1 (t) = r(t). If we take |α i | 2 and |β i | 2 as random numbers in the closed interval [0, 1], then |r(t)| 2 is an infinite product of numbers belonging to the open interval (0, 1). As a consequence, lim N →∞ r(t) = 0. Therefore, it can be expected that, for N finite, r(t) will evolve in time from r(0) = 1 to a very small value (see numerical simulations in [1] and [16] ).
C. The spin-bath model: Decomposition 2
Although in the usual presentations of the model the open system of interest is P , we can conceive different ways of splitting the whole closed system U into an open system S and its environment E. For instance, we can decide to observe a particular particle P j of what was previously considered the environment, and to consider the remaining particles as the new environment, in such a way that S = P j and E = P ∪ (∪ N i=1,i =j P i ). The total Hilbert space of the closed composite system U is still given by eq. (1), but in this case the corresponding decomposition is
and the relevant observables O R of the closed system U are those corresponding to the particle P j :
where (see eq. (7))
I P is the identity operator on the subspace H P , and the coefficients ǫ
↓↑ are now generic. The expectation value of the observables O R in the state |ψ(t) is given by
Here there is no need of numerical simulations to see that the third term of eq. (19) is an oscillating function which, as a consequence, has no limit for t → ∞. This result is not surprising since, in this case, the particle P j is uncoupled to the particles of its environment.
III. A GENERALIZED SPIN-BATH MODEL: PRESENTATION OF THE MODEL
Let us consider a closed system U = A ∪ B where:
(i) The subsystem A is composed of M spin-1/2 particles A i , with i = 1, 2, ..., M , each one of them represented in its Hilbert space H Ai . In each A i , the two eigenstates of the spin operator S Ai, − → v in direction − → v are |⇑ i and |⇓ i :
The Hilbert space of A is
H Ai . Then, a pure initial state of A reads
(ii) The subsystem B is composed of N spin-1/2 particles B k , with k = 1, 2, ..., N , each one of them represented in its Hilbert space H B k . In each B k , the two eigenstates of the spin operator
The Hilbert space of B is
H B k . Then, a pure initial state of B reads
The Hilbert space of the composite system U = A ∪ B is, then, Therefore, from eqs. (21) and (23), a pure initial state of U reads
As in the original spin-bath model, the self-Hamiltonians H Ai and H B k are taken to be zero. In turn, there is no interaction among the particles A i nor among the particles B k . As a consequence, the total Hamiltonian H of the composite system U is given by This Hamiltonian describes a situation where the particles of A do not interact to each other, the same holds for the particles of B, but each particle of A interacts with all the particles of B and vice versa, as shown in Figure 1 .
In eq. (26), H is written in its diagonal form; then, the energy eigenvectors are
In turn, the eigenvectors of H A form a basis of H A . In order to simplify the expressions, we will introduce a particular arrangement into the set of those vectors, by calling them |A i : the set {|A i } is an eigenbasis of H A with 2 M elements. The |A i will be ordered in terms of the number l ∈ N 0 of particles of A having spin |⇓ . Then, we have that:
• l = 0 corresponds to the unique state with all the particles with spin |⇑ :
• l = 1 corresponds to the M states with only one particle with spin |⇓ . Since the order of the eigenvectors with the same eigenvalue will be irrelevant for the computations, we will order these states in an arbitrary way:
• l = 2 corresponds to the
states with two particles with spin |⇓ . Again, we will order these states in an arbitrary way:
• For the remaining values of l, the procedure is analogous.
Consequently, we have:
with l = 0, 1, ...M . Then, it is clear that H A is degenerate: it has 2 M eigenvectors but only M different eigenvalues. Therefore, a generic state |A of the system A can be written in the basis {|A i } as
By introducing eq. (32) into eq. (25), a pure initial state of the composite system U = A ∪ B reads
If we group the degrees of freedom of B in a single ket |B(0) , |ψ 0 results
The time-evolution of |ψ(t) is ruled by the time-evolution operator U(t) = e −iHt = e −i(HA⊗HB )t :
If we use Λ k to denote the eigenvalue of H A corresponding to the eigenvector |A k , then
where (see eq. (26))
Since the number of the eigenstates of H A with the same eigenvalue is given by eqs. (31), the terms of |ψ(t) can be arranged as
If we compare eq. (39) with eq. (4), we can see that |E ⇑ (t) and |E ⇓ (t) are the particular cases of |B l (t) for M = 1 and, then, l = 0, 1. Let us recall that l is the number of particles of the system A having spin |⇓ . Then, with M = 1 and l = 0, |B l (t) = |E ⇑ (t) , and with M = 1 and l = 1, |B l (t) = |E ⇓ (t) .
If we define the function
then eq. (38) can be rewritten as
and the state operator ρ(t) = |ψ(t) ψ(t)| reads
An observable O ∈ O = H ⊗ H of the closed system U = A ∪ B can be expressed as
Let us notice that eq. (5) (a generic observable in the original spin-bath model) is a particular case of this eq. (43), with only four terms in the first factor. Analogously to that case, the diagonal components s λ,λ , ǫ
↓↓ are real numbers, and the off-diagonal components are complex numbers satisfying
↓↑ . Then, the expectation value of the observable O in the state ρ(t) of eq. (42) can be computed as
and
Since the exponents in eq. (45) are of the form g j,l ± g j,l ′ , in some cases they are zero. So, we can write
Let us notice that eqs. (49) and (50) are analogous to eqs. (9) and (10) for Γ 0 (t) and Γ 1 (t), respectively, in the original model, with g j,l = (2l − M ) g j instead of g j . In particular, when M = 1 and, so, l = 0, 1, then T l,l (t) = Γ 0 (t) and T l,M−l (t) = Γ 1 (t).
As in the case of the original spin-bath model, here we will consider different meaningful ways of selecting the relevant observables.
IV. GENERALIZED SPIN-BATH MODEL: DECOMPOSITION 1 A. Selecting the relevant observables
In this case A is the open system S and B is the environment E. This is a generalization of Decomposition 1 in the original spin-bath model. The only difference with respect to that case is that here the system S is composed of M ≥ 1 particles instead of only one. Then, the decomposition for this case is
Therefore, the relevant observables O R of the closed system U are those corresponding to A, and they are obtained from eq. (43) by making ǫ 
With this condition, the expectation values of these observables are given by eq. (47), with
If we define the functions
We can see that |r(t)| 2 of eq. (15) in the original model is the particular case of R l (t) for M = 1.
B. Computing the behavior of the relevant expectation values
The expectation value given by eq. (47) has three terms,
, which can be analyzed separately:
• From eq. (53), the first term reads
It is clear that this first term does not evolve with time.
• The time-dependence of the second term is given by T l,M−l (t):
Then, in order to obtain the limit of this term, we have to compute the limit of R l (t) = |T l,M−l (t)| 2 of eq. (56).
As in the case of the original spin-bath model, here we take |α j | 2 and β ji 2 as random numbers in the closed
is a random number which, if t = 0, fluctuates between 1 and 2 |α j | 2 − 1
2
. Again, when the environment has many particles (that is, when N → ∞), the statistical value of the cases |α j | 2 = 1, β j 2 = 1, |α j | 2 = 0 and β j 2 = 0 tends to zero. In this situation, eq.
(56) for R l (t) is an infinite product of numbers belonging to the open interval (0, 1). As a consequence, when N → ∞, R l (t) → 0.
• The time-dependence of the third term is given by T l,l ′ (t):
with the restrictions on l and l ′ : l = l ′ and l ′ = M − l. As in the second term, we have to compute the limit of R ll ′ (t) = |T l,l ′ (t)| 2 of eq. (57) and, on the basis of an analogous argument, the result is the same as above: when N → ∞, R ll ′ (t) → 0.
If we want now to evaluate the limit of O R ρ(t) for t → ∞, we have to compute the limits of the second and the third terms (since the first term, as we have seen, is time-independent). Here we have to distinguish three cases:
Case (a): M ≪ N This case is similar to Decomposition 1 in the original spin-bath model, since in both cases M ≪ N : the only difference is that in the original model M = 1 whereas here M ≥ 1.
In fact, we have seen that T l,M−l (t) is analogous to Γ 1 (t) in the original model. Moreover, T l,l ′ (t) has the same functional form as Γ 1 (t). In paper [16] it is shown that Γ 1 (t) approaches zero for t → ∞. This means that we can infer that T l,M−l (t) and T l,l ′ (t) also approach zero for t → ∞. On the other hand, the terms Σ (2) (t) and Σ (3) (t) are sums of less than M terms involving T l,M−l (t) and T l,l ′ (t). As a consequence, since in this case M is a small number, the sum of a small number of terms approaching zero for t → ∞ also approaches zero: lim t→∞ Σ (2) (t) = 0 and lim t→∞ Σ (3) (t) = 0. Therefore,
In other words,
where ρ * is the final diagonal state of U . This result can also be expressed in terms of the reduced density operator ρ A of the system A as:
In the eigenbasis of the Hamiltonian H A of A, the final reduced density operator ρ A * is expressed by a 2 M × 2 M matrix:
where ρ l=0 = |C 1 | 2 and each ρ l is a matrix of dimension
This result might seem insufficient for decoherence because, since the ρ l are matrices, ρ A * seems to be non completely diagonal in the eigenbasis of the Hamiltonian H A . However, we have to recall that all the states |A i with same l are degenerate eigenvectors corresponding to the same eigenvalue of H A ; then, the basis that diagonalizes ρ A * (i.e., that diagonalizes all the matrices ρ l ) is an eigenbasis of H A . Summing up, the system S = A of M particles in interaction with its environment E = B of N ≫ M particles decoheres in the eigenbasis of ρ A * , which is also an eigenbasis of H A .
If we want to compute the time-behavior of O R ρ(t) , we have to consider that Σ (1) is a sum of terms of the form
, that is, terms of the expectation value coming from the diagonal part of ρ(t) in the basis of the Hamiltonian H. Therefore, if there is decoherence, the sum Σ nd (t) = Σ (2) + Σ (3) , involving the terms of O R ρ(t) coming from the non-diagonal part of ρ(t), has to approach zero for t → ∞.
In order to show an example of the time-behavior of O R ρ(t) , numerical simulations for Σ nd (t) have been performed, with the following features: (i) s λ ′ ,λ = 1 (see eq. (52)).
(ii) The initial condition for S = A is selected as (see eq. (32)) : (iii) |α i | 2 is generated by a random-number generator in the interval [0, 1], and |β i | 2 is obtained as
(iv) g i = 400Hz: as explained above, the coupling constant in typical models of spin interaction.
(v) As in the original model, the time-interval [0, t 0 ] was partitioned into intervals ∆t = t 0 /200, and the function Σ nd (t) was computed at times t k = k∆t, with k = 0, 1, ..., 200.
(vi) N = 10 3 , and M = 1 and M = 10. Figure 2 shows the time-evolution of Σ nd (t). This result shows that, as expected, a small open system S = A of M particles decoheres in interaction with a large environment E = B of N ≫ M particles.
Case (b): M ≫ N In this case, where the open system S = A has much more particles than the environment E = B, the argument of Case (a) cannot be applied: since now Σ (2) (t) and Σ (3) (t) are no longer sums over a small number of terms, the fact that each term approaches zero does not guarantee that the sums also approach zero. In particular, if N = 1, then (see eq. (55))
which clearly has no limit for t → ∞. Nevertheless, it might happen that, with N high but M much higher than N , each term of the sums approaches zero. So, in order to know the time behavior of O R ρ(t) , numerical simulations for Σ nd (t) have been performed, with the same features as in the previous case, with the exception of condition (vi), which was taken as: Figure 4 shows the time-evolution of Σ nd (t). Again, if the environment E = B of N particles is not large enough when compared with the open system S = A of M particles, S does not decohere. Let us notice that, for N = 10 3 , the system S = A with M = 10 2 does not decohere (Figure 4) , whereas it does decohere with M = 10 ( Figure 2 ). This shows that, in the case of this decomposition, M ≪ N means that N is at least two orders of magnitude higher than M .
Summarizing results
Up to now, in this Decomposition 1 all the arguments were directed to know whether the system A of M particles decoheres or not in interaction with the system B of N particles. But, given the symmetry of the whole system, the same arguments can be used to decide whether the system B of N particles decoheres or not in interaction with the system A of M particles, with analogous results: B decoheres only when M ≫ N ; if M ≪ N or M ≃ N , B does not decohere. Therefore, all the results obtained in this section can be summarized as follows: In this case we decide to observe only one particle of the open system A. This amounts to splitting the closed system U into two new subsystems: the open system S is, say, the particle A M with ket |⇑, ⇑, ..., ⇑, ⇑, ⇑, ⇓ , and the environment is
Therefore, the relevant observables O R of the closed system U are those corresponding to the particle A M :
It is easy to see that the relevant observables selected in this Decomposition 2 form a subspace of the space of the relevant observables selected in Decomposition 1: eq. (70) can be obtained from eq. (52) by making s λ,λ ′ = 1 for λ = λ ′ and s λ,λ ′ = 0 for λ = λ ′ in all the terms of the sum except for the terms corresponding to the particle A M . In order to simplify expressions, in this case it is convenient to introduce a new arrangement for the eigenvectors of the Hamiltonian H A , by calling them Ã i : the set Ã i is an eigenbasis of H A with 2 M elements. The Ã i will be ordered by analogy with the binary numbers:
According to this arrangement, the Ã i with even i have the spin M in the state |⇓ , and the Ã i with odd i have the spin M in the state |⇑ . So, the relevant observables of eq. (70) can be rewritten in terms of the Ã i as
Computing the behavior of the relevant expectation values
Here the expectation values of the relevant observables are given by eq. (47), with T l,l ′ (t), T l,l (t) and T l,M−l (t) given by eqs. (45), (49) and (50) respectively, but now replacing B λ,λ ′ withB λ,λ ′ ,
where theB λ,λ ′ can be written in the basis Ã λ as 
Since λ = f (l − 1) + 1 and
The expectation value given by eq. (73) has again three terms,
• From eqs. (74) and (75), the first term reads
Analogously to eq. (58) of Decomposition 1, this first term does not evolve with time. where the final reduced density operator ρ AM * in the basis {|⇑ , |⇓ } reads
This shows that the open system S = A M , composed of a single particle, decoheres in interaction with its environment E of N + M − 1 particles when N ≫ 1, independently of the value of M .
In order to illustrate this conclusion, we have computed Σ nd (t) = Σ (2) (t)+Σ (3) (t) by means of numerical simulations with the same features as in Decomposition 1, with the exception of condition (vi), which was taken as: 
As we have seen, in this decomposition of the whole closed system, the open system S = A M decoheres when N ≫ 1, independently of the value of M . But the particle A M was selected as S only for computation simplicity: the same argument can be developed for any particle A i of A. Then, when N ≫ 1 and independently of the value of M , any particle A i decoheres in interaction with its environment E of N + M − 1 particles.
On the other hand, as in Decomposition 1, here the symmetry of the whole system U allows us to draw analogous conclusions when the system S is one of the particles of B, say, B N : S = B N decoheres when M ≫ 1, independently of the value of N . And, on the basis of the same considerations as above, when M ≫ 1 and independently of the value of N , any particle B i decoheres in interaction with its environment E of N + M − 1 particles. 
VI. CONCLUDING REMARKS
In this paper we have studied a generalization of the spin-bath model, where a closed system U is composed by two subsystems, U = A ∪ B, with A of M particles A i and B of N particles B i . We showed how the model behaves under different definitions of the system of interest and under different relations between the numbers M and N . The results so obtained allow us to state the following concluding remarks: a) We have seen that, when M ≫ N or M ≃ N , the subsystem A does not decohere (Decomposition 1 of Section IV), but the particles A i , considered independently, decohere when N ≫ 1 (Decomposition 2 of Section V). This means that there are physically meaningful situations, given by M ≫ N ≫ 1 or M ≃ N ≫ 1, where all the A i decohere although A does not decohere. In other words, in spite of the fact that certain particles decohere and may behave classically, the subsystem composed by all of them retains its quantum nature. We have also seen that, by symmetry, all the particles B i , considered independently, also decohere when M ≫ 1. Then, when M ≫ N ≫ 1 or M ≃ N ≫ 1, the requirement M ≫ 1 holds and we can conclude that not only all the A i , but also all the B i decohere, although B neither decoheres. So, all the particles of the closed system U = (∪ i A i ) ∪ (∪ j B j ) may become classical when considered independently, although the whole system U certainly does not decohere and, therefore, retains its quantum character. These results, considered together, are a clear manifestation of the fact, already pointed out by Schlosshauer ([17] ), that energy dissipation and decoherence are different phenomena: since all the particles of the system U decohere when independently considered, decoherence cannot result from the dissipation of energy from the decohered systems to their environments.
b) The generalized model shows that the split of the entire closed system into an open system and its environment amounts to the selection of the observables relevant in each situation. Since there is no privileged or essential decomposition, we can select the observables of the subsystem A in the situation in which A does not decohere. In this way, it would be possible to use appropriately selected subsystems, unaffected by decoherence, for storing quantum information.
c) The natural further step of generalization will consist in following the ideas of paper [6] , and introducing coupling internal to the subsystems A or B. For instance, given that the decoherence of A is increasingly suppressed as the number M of its particles increases, it could be expected that such decoherence suppression will also be more efficient as the interactions between the spins of the bath also increase.
